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Structural Optimization of Laminated Conical Shells

Richard T. Brown*
Atlantic Research Corporation, Alexandria, Virginia

and
Joel A. Nachlast

Virginia Polytechnic Institute and State University, Blacksburg, Virginia

A methodology for determining an optimal design of a laminated structure is described in terms of its applica-
tion to the design of an upper-stage solid rocket exit cone. Structural design is complicated by the conical
geometry of the exit cone and the associated available fiber wrapping techniques. The methodology described is
comprised of three independent components: 1) the field theory, 2) a statistical sampling scheme for constructing
surrogate structural response functions, and 3) a dynamic programming model for accomplishing the optimiza-
tion. Use of the first and implementation of the second and third of these components is described. A design
solution that provides a 37 Ib weight savings over the base line aluminum design is identified.

Introduction

T HE spectrum of applications for composite materials is
growing rapidly because such materials can be tailored to

meet design performance specifications at a reduced weight.
Successful implementation of a composite material in a par-
ticular application often hinges upon the availability of a
method for optimal structural design. A methodology for
determining a near-optimal structural design of laminated
components is described here. The method is comprised of
three independent components: 1) the basic field theory as em-
bodied in a finite element or finite difference code, 2) a
statistical sampling scheme for estimating structural perfor-
mance of any design, and 3) a dynamic programming op-
timization model for identifying an optimal design. While the
method and each of its components are general, they are
developed here in terms of their application to an advanced
upper-stage rocket motor exit cone.

The design of a composite structure involves the selection of
a reinforcement architecture or lamination pattern that will
resist both the direction and magnitude of applied loads while
conforming to a specific geometric envelope. Previous
methods of laminate optimization address the design of
trusses, flat panels, or cylindrical shells.1'2 The shape of an
exit cone makes the selection of a lamination pattern more dif-
ficult. The conical geometry dictates the reinforcement trace
in which the fiber orientation relative to the cone axis changes
as the fiber is wound. In addition, by virtue of the task for
which it is used, an exit cone is subject to a variety of failure
modes that change over time and among which the governing
mode is not known a priori. Consequently, previously
developed methods for laminate design cannot be used to
select an optimal exit cone design.

An extensive literature on optimization in general and struc-
tural optimization in particular exists. Venkayya3 provides a
survey of structural optimization methods from which it is ap-
parent that the available techniques are usually based upon a
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sequence of functional evaluations or approximations and
upon a rule for selecting subsequent function evaluations. The
disadvantage of this approach is that the number of function
evaluations can be so large that the computational effort re-
quired to identify an optimal design can be prohibitive. In the
methodology described here, a statistical sampling scheme is
used to construct a surrogate structural performance function.
The use of the sampling plan fixes the number of evaluations

*of the true performance function, thereby assuring that the re-
quired computational effort is economically acceptable. The
surrogate function is then subjected to optimization.

Once the surrogate performance function is defined, any of
several optimization methods may be used to determine an op-
timal design. In the case of the exit cone under study, there is a
natural partitioning of the cone into sectors on the basis of the
dominant load mechanisms. Consequently, the resulting op-
timization problem is highly conducive to the use of dynamic
programming. Therefore, a dynamic program is used to ob-
tain a design that is optimal for the entire structure by syn-
thesis of compatible sector-by-sector lamination patterns.

Problem Definition and Field Theory
The problem is to identify a weight-efficient design for a

laminated conical shell that will meet or exceed the perfor-
mance requirements for a base line solid rocket exit cone. The
base line structure is illustrated in Fig. 1. The geometric
envelope of the structure is defined by motor ballistic require-
ments. The key dimensions of throat diameter, half-angle, and
exit plane diameter are specified. The design objective is to
tailor the stiffness and thermal expansion characteristics of the
composite to achieve optimum strength.

Examination of the mission performance criteria of the exit
cone indicates that the set of dominant loading mechanisms
changes along the length of the cone. Consequently, the exit
cone is partitioned into three sectors within each of which the
significant loads are the same. The three sectors, designated
forward, middle, and aft, are illustrated in Fig. 2. Also in-
dicated in the figure are some of the important loading condi-
tions for each sector. One of the significant differences among
the three sectors is that the primary load in the forward sector
is thermal, while in the midsector it is an asymmetrically ap-
plied axial load and in the aft sector a circularly symmetric
bending one.

The variables that describe a particular laminated composite
architecture are the reinforcing fiber properties, matrix prop-
erties, lamina fiber orientations, lamina thicknesses, lamina
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stacking sequences, and the number of laminae. As illustrated
in Fig. 3, several simplifying assumptions define a set of pre-
selected laminate variables and thereby identify the design
variables to be determined. The reinforcement fiber is as-
sumed to be Hercules Incorporated HM graphite. Eight 20 mil
(0.5 cm) layers are assumed so that total shell thickness is 160
mil ( ~ 4 cm). This dimension conforms to the base line design.
Each layer is made up of two plies that are oriented at angles
of ±6. In order to conform to the constitutive requirements of
the finite element and finite difference codes, stacking se-
quences are restricted to designs that are symmetric about the
center plane of the shell. Within these assumptions, the design
variables are the angle ply orientationss, the selection of which
implicitly defines the stacking sequence. For the purpose of
the present analysis, values of the angle of ply orientation are
restricted to 15 deg increments so that each variable must take
one of seven values (0-90 deg in 15 deg increments).

Within the framework of the stated problem assumptions,
the design optimization problem is to select values of the
design variables

the angle of ply orientation in layer j of sector /. The assump-
tion of symmetry about the center plane reduces the number
of variables by one-half so that the final number of design
variables is 12. The measure of performance for any selected
design is the minimum factor of safety over all active loads.

For the defined optimization problem, there are 74 = 2401
solutions in each sector. For three sectors, the total number of
feasible lamination patterns is 2401 3. However, available

BASELINE DESIGN
TRANSLATING CONE
ATTACH POINT

Fig. 1 Base line solid rocket exit cone (attachments indicated by dot-
ted outline).

fabrication techniques restrict the choice of combinations of
orientation angles. Existing methods of fiber winding dictate
the achievable fiber traces from sector to sector and thereby
constrain the set of feasible designs. As illustrated in Fig. 4,
five fabrication methods are assumed. Restriction of the selec-
tion of ply orientation angles to those consistent with the
fabrication constraint reduces the total number of feasible
solutions to 144. While application of the fabrication con-
straint dramatically reduces the number of feasible solutions,
there are still far too many candidate solutions to permit ex-
haustive enumeration.

Classical laminate theory4 provides a convenient method
for manipulating the stiffness and thermal strain tensors. As
illustrated in Fig. 5, a thin-shell approximation to the con-
stituitive laws is assumed with the result that the 6x6 stiffness
matrix is reduced to a 3 x 3 matrix. The reduced Q matrix con-
sists of four constants for an orthotropic or balance ply
lamina. The corresponding laminate response to the applied
loads is illustrated in Fig. 6. The stress-strain field analysis is
performed using the BOSOR5 finite difference code for the
middle and aft sectors and, because of the importance of ther-
mal expansion effects, using the SAAS III finite element code
for the forward sector. Both codes are limited by the material
constituitive laws they employ and their shortcomings are par-
tially corrected by postprocessing of the output strains. In
general, for the methodology developed here, any applicable
field analysis procedure may be used.

Design Performance Estimation
Any laminate optimization method will require evaluation

of structural response for at least some of the candidate
designs. In the absence of a convenient to use closed-form
definition of shell response, an efficient approach to design
evaluation is required. For any particular laminate, computa-
tion of the structural response is accomplished using the
above-described elasticity-based field theory. However, these
analyses cannot practically be performed for each of the 144

candidate designs.
Evaluation of all candidate designs would yield an exact

design response surface. In order to construct an estimate of
this response surface, an efficient method for judiciously
sampling the true surface is employed. A balanced fractional
factorial experimental design7 is used to select a subset of the
candidate design cases to be evaluated using the field analysis
codes. Each of the selected cases provides one data point to be
used in estimating the design response function.

For each sector of the cone, a balanced set of four different
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ORIENTATION INCREMENT - 15°
LAYER THICKNESS - 20 MILS
NUMBER OF LAYERS - (2 ± 6 PLIES PER LAYER)
STACKING SEQUENCE - SYMMETRIC ABOUT CENTERLINE

-EIGHT BALANCED LAYERS

EACH LAYER COMPOSED
OF ±9 PLIES

Fig. 3 Preselected design parameters.
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realizations of a Jb c fractional factorial experimental design
where b = 4 and c=3 is constructed. This defines 28 specific
candidate designs to be evaluated for each sector. Experimen-
tal design is an efficient method for selecting experimental
stimuli to be employed in determining the causes of variability
in experimental response. Its use here allows the construction
of an efficient sampling experiment for estimating the struc-
tural design response surface. The data obtained by perform-
ing the field analysis for each of 28 candidate designs for each
sector are included in a stepwise multiple regression analysis8

to construct a second-order polynomial function that approx-
imates the actual laminate response function. The sample
size of 28 is selected to provide a sufficient confidence level for
the approximating function.

In implementation, the field analysis results for each sector
are used to estimate separate response functions for
longitudinal, transverse, and shear factors of safety in the
principal material directions as well as for bending com-
pliance. Based upon the computed response behavior, two
trial second-order functions are constructed. These functions
have the forms

4 4
cos

Fig. 4 Fabrication constraints.
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where y1 and y2 are estimates of the true response, 07 the fiber
orientation angle in laminae y, Xi, = 0,715, and Z?}and b^ func-
tional coefficients determined by the regression analysis.

For each model, two descriptors of model validity are com-
puted. The coefficient of correlation R2 is a measure of the
percentage of the variation in the actual response function that
is explained by the regression model and the F ratio is an in-
dication of the statistical significance of the constructed
model. The F test is to select between the hypotheses

Null: Ho = regression model is not statistically different
from zero

Alternate: Ha = regression model is significant
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If the calculated value of the F ratio exceeds the corresponding
tabulated value for the Fdistribution, then Ha is believed true.
Otherwise, Ho is believed true.

The results obtained for each of the regression models are
displayed in Tables 1 and 2. Examination of the tables shows
that 3 of the 20 regression models are not statistically signifi-
cant. This is a consequence of the difficulty of estimating a
highly nonlinear and nonconvex response function using a
polynomial of only second order. The obtained significant
regression models are sufficient to define a conservative
overall estimated response function that utilizes all of the
statistically significant information contained in the regression
models.

The estimated response function is conservative with respect
to the structural design problem in that it is constructed by
selecting the minimum of the estimated responses. In each sec-
tor of the cone, y\ represents the estimated response using
function k for the factor of safety in fiber direction £ (longi-
tudinal, transverse, and shear). Then,

(2)

defines the minimum factor of safety across fiber direction
and

(3)

defines the overall minimum estimated factor of safety. The
values of Z are taken to be the conservative final estimated
laminate response function. The resulting tabulated design
response estimates, Z, constitute the performance measure
used in the optimization analysis.

Optimization
The optimization model is a dynamic program.9 Structural

synthesis is accomplished within the dynamic program
through sector-by-sector design variable selection subject to
variable choices in other sectors. The optimization model deci-
sion variables Xj are the angles of fiber orientation in laminae j
of sector k. The state variables u1- are defined as the angles of
fiber orientation in the adjacent more forward sectors. This

Table 1 Statistics for cosine-based polynomial regression models

Response
function

Sector 1
Longitudinal
Transverse
Shear

Sector 2
Longitudinal
Transverse
Shear
Compliance

Sector 3
Longitudinal
Transverse
Shear

R2

0.560
0.949
0.736

0.893
0.935
0.586
0.986

0.625
0.746
0.755

F
tabulated
at 95%

d.f F confidence

10,25
11,7
14,7

14,17
14,15
14,17
14,17

11,16
12,14
12,14

3.181
11.778
3.385

10.131
15.274

1.721
87.403

2.426
3.426
3.321

2.24
3.60
2.34

2.34
2.45
2.34
2.34

2.46
2.53
2.50

Hypothesis

Ha
Ha
Ha

Ha
Ha
Ho
Ha

Ho
Ha
Ha

Table 2 Statistics for surrogate variable-based polynomial
regression models

Response
function

F
tabulated
at 95%

R2 d.f F confidence Hypothesis

Sector 1
Longitudinal
Transverse
Shear

Sector 2
Longitudinal
Transverse
Shear
Compliance

Sector 3
Longitudinal
Transverse
Shear

0.557 11,24 2.744
0.975 13,5 15.077
0.713 10,21 5.206

0.830 13,18 6.770
0.919 14,15 12.219
0.673 12,19 3.264
0.987 14,17 93.265

0.581 14,13
0.775 13,13
0.791 14,13

1.288
3.440
3.503

2.21
4.66
2.33

2.32
2.45
2.31
2.34

2.55
2.57
2.55

Ha
Ha
Ha

Ha
Ha
Ha
Ha

Ho
Ha
Ha
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state variable definition is employed in order to provide a
means of imposing fabrication constraints upon the selection
of decision variable values. Specifically, the state variables,
along with restrictions on the extent to which the fiber orienta-
tion angles may change between sectors, defines the set of
feasible designs for each sector.

The variables and functions that define the dynamic pro-
gram are

xk = the decision variables— the vector of fiber orienta-
tion angles for sector k

n*-;=ttie state variables— for sector k, the current best
choice of fiber orientation angles in sector k- 1

uk = tk(uk~1, xk) = the state variable transformation
function that defines uk in terms oiuk~1 and xk

fk(uk-*) = the overall optimal structural response function for
sectors k-N given input state vector uk~1

gk(xk) = any applicable constraint function limiting the
choice of a design vector xk in sector k

Using these definitions, the structure of the dynamic program
is illustrated in Fig. 7. As indicated in the figure, return and
constraint functions may be associated with each sector, a
decision vector is selected in each sector, and the choice of a
decision vector causes a transformation of an input state vec-
tor to an output state vector.

Algebraically, the problem is to solve the set of dynamic
programming recursion equations as follows.

Table 3 Optimal solutions

subject to: g3(x3)>0

subject to: g2(x2)>0

subjectto:g;(jty)>0 (4)

This set of recursion equations constitutes the dynamic pro-
gramming optimization model. The equations are solved in
reverse order [e.g.,/5(w2) first] in a stepwise fashion. First,
an optimal choice of x3 is identified for all possible input state
vectors u2. This is the first application of the "dynamic pro-
gramming principle of optimality," which states that, given
any history, an optimal policy has the property that it includes
optimal decision variable choices forward from the point at
which the history is fixed. Thus, for the exit cone design prob-
lem, any choice of variables that yields a particular value of

g, (x'lx1

(STATE)

x 1 -VECTOR OF DESIGN VARIABLE

u' -VECTOR OF STATE VARIABLES

fj(uM J-OPTIMAL STRUCTURAL RETURN

gj lx ' j -CONSTRAINT FUNCTION

Fig. 7 Generic structure of three-stage dynamic program.

Sector

1
2
3

1
2
3

1
2
3

1
2
3

1
2
3

Safety factor
Architecture estimated

(90/0/90/75)
(90/0/902)5 2.08
(90/0/902)5

(90/15/90/75)5
(90/0/902)5 2.0
(90/0/902)5

(30/90/0/90)5
(30/90/0/90)5 1.7
(30/90/0/90)5

(30/90/0/90)5
(15/90/0/90)5 1.7
(0/90/0/90)5

(60/90/0/75),
(15/90/0/90)5 1.71
(0/90/0/90)5

Safety factor
computed

•1.1

1.1

1.2

1.5

1.2

the state vector u2 will be part of an optimal solution only if
the subsequent choice of x3 is optimal with respect to that par-
ticular value of u2.

Within the nesting framework implied by the state variable
transfprmation equations, a second application of the princi-
ple of optimality mandates an optimal choice of decision vec-
tors in both sectors 2 and 3 given a state vector u1. Similar
arguments apply for the initial state of vector u°. All possible
values of the initial state vector are considered in the present
analysis and a search for the global optimum over all initial
states is used to identify the optimal design.

An important feature of the employed form of the generic
recursion equations defined above is that the composed return
functions are maximized, while the composition operator
(denoted by A) is the selection of the minimum of the quan-
tities composed. Thus, the general form of the recursion equa-
tion is

min ('*(«*

for which the optimum is the decision vector xk that max-
imizes the minimum factor of safety over sectors k-N.

This form of the recursion is particularly appropriate for
the laminated conical shell because it represents the strength of
a chain of sectors by the strength of the weakest sector. Max-
imizing the strength of the weakest sector implies the choice of
an acceptable overall design.

Recalling that Zk(xk) is the estimated structural response
associated with the selection of the vector of fiber orientation
angles xk in sector k the implemented form of the dynamic
program is

f3(u2)= max [Z3(x3)]
x3eh(u2)

f2(u])= max [mmZ2(x2),f3(x2)] }
x3eh(u1)

subject to: g2(x2) - 200,000> 0

) = max

(6)

where the restriction x2eh(uk~!) implies that the maximization
be taken over only those vectors xk that are feasible in terms of
fabrication given an input vector uk~l and 200,000 Ib/in. is
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Table 4 Summary of results of integrated shell analysis

Loading condition Lamination Safety factor Failure mode Critical ply, deg

Ignition
(Pressure only)

Exit cone deployment
(Pressure only)

Maximum pressure
(30 s in-depth heating)

TVC load at
30 s conditions

TVC and ENEC loads
at 30 s conditions

Graphitization (4000°F)
Process stress

(30/90/0/90),
(15/90/0/90)5
(0/90/0/90)5

(30/90/0/90),
(15/90/0/90),
(0/90/0/90),

(30/90/0/90)5
(15/90/0/90),
(0/90/0/90)5

(30/90/0/90)5
(15/90/0/90),
(0/90/0/90),

(30/90/0/90),
(15/90/0/90),
(0/90/0/90),

(3Q/90/0/90),
(15/90/0/90),
(0/90/0/90),

1.80
2.46

31.51

1.72
2.42

30.53

1.86
1.95
1.80

1.69
2.16
1.81

1.71
1.90
1.83

1.64
15.20
1.50

Shear
Longitudinal
Longitudinal

Shear
Longitudinal
Longitudinal

Shear
Longitudinal
Longitudinal

Shear
Longitudinal
Longitudinal

Shear
Longitudinal
Longitudinal

Shear
Longitudinal
Longitudinal

30
90
90

30
90
90

30
90
0

30
90
0

30
90
0

30
90
0

the asymmetric bending compliance minimum. Also, note that
it is only in the second sector that there is any further con-
straint upon the choice of xk. The constraint in sector 2 re-
quires that the bending load compliance criterion imposed by
the thrust vector control actuator be met.

The five best solutions obtained are listed in Table 3. The
feasibility of these designs are verified by application of the
field analysis codes. On this basis, the fourth of the five solu-
tions is taken as the selected design concept.

It should be noted that the field theory models treat each
sector as a separate structure with boundary conditions only
approximately representative of the displacement continuity
between sectors. As a further verification of the selected
design, an integrated shell model is analyzed using the field
analysis codes. The results of this analysis for a variety of
loading conditions are summarized in Table 4.

Sensitivity
It is appropriate to examine model sensitivity to the input

model parameters. One enlightening approach to examining
model sensitivity is to study the behavior of the computed
solutions as the model constraints are relaxed or tightened.
Bending compliance is an important model constraint.
Tightening this constraint to 250,000 Ib/in. reduces the
number of feasible design solutions modestly, but does not
change the identities of the optima. This suggests that the solu-
tions found persist for changes in compliance requirements
because they possess greater than minimal strength in the
directions of the bending loads.

Relaxing the fabrication constraints significantly affects the
model solutions. The fabrication constraints dictate the fiber
orientations that may be applied in the same ply over more
than one sector. They reflect the ability of the fibers to con-
form to various wrapping patterns. Relaxing these constraints
implies that the fibers may be wrapped in more patterns. In
this case, the constrained optima are still good solutions, but
several solutions with higher minimum safety factors are
found. This suggests that the fabrication constraints influence
the solutions and that improvements in fabrication methods
resulting in greater wrapping flexibility may lead to stronger
designs. At the same time, it may be observed that the op-
timum estimated minimum factor of safety for the case in
which the fabrication constraints are completely relaxed is
only 209/o greater than that for the constrained solution. Thus,

the constrained solution is a relatively good design and the ap-
parent opportunity for improvement using new fabrication
techniques is not great.

Conclusions
The solutions obtained using the dynamic program form a

family of similar designs that are reasonable when considered
qualitatively. The frequent occurrence of hoop fibers (90 deg)
assures resistance to internal pressure and thermal expansion,
while the axial fibers (0 deg) provide stiffness in the direction
of the applied mechanical loads. In addition, the absence of 45
deg fibers is reasonable in view of their propensity for shear
failure. Thus, the analytical solutions obtained conform well
to engineering judgments concerning the design problem.

An analytical approach to the design of a laminated conical
shell has been demonstrated. For the imposed limitations to
discrete fiber orientation angles, laminate symmetry, balance,
and state-of-the-art fabrication methods, the technique effi-
ciently locates the optimal fiber reinforcement orientation and
stacking sequence. The method permits the decoupling of the
field analysis codes and the optimization routine.

Several advantages of the approach are apparent. The pro-
cedure is completely general with respect to the type of field
analysis code used. It is also general with respect to loading
conditions and shell geometry. The optimization procedure
employs a conservative response measure, thereby assuring
that the selected design will meet the performance require-
ments. Finally, the step wise approach to the analysis permits
the designer complete visibility to and control of the
procedure.

The optimal lamination pattern identified is to be validated
by fabrication and testing. Results of material testing and
analysis sensitivity studies will be combined to establish an
envelope of maximum material properties for the application
of interest. Extensions to the method in the form of an ex-
amination of the consequences of additional sampling in the
construction of the response function, consideration of con-
tinuous decision variables, and the introduction of constraints
governing wrapping tension and surface friction are planned.
Such modifications to the methodology are promising areas of
further research that may lead to even greater design
flexibility.
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VISCOUS FLOW DRAG REDUCTION—v. 72
Edited by Gary R. Hough, Vought Advanced Technology Center

One of the most important goals of modern fluid dynamics is the achievement of high speed flight with the least possible
expenditure of fuel. Under today's conditions of high fuel costs, the emphasis on energy conservation and on fuel economy
has become especially important in civil air transportation. An important path toward these goals lies in the direction of
drag reduction, the theme of this book. Historically, the reduction of drag has been achieved by means of better un-
derstanding and better control of the boundary layer, including the separation region and the wake of the body. In recent
years it has become apparent that, together with the fluid-mechanical approach, it is important to understand the physics of
fluids at the smallest dimensions, in fact, at the molecular level. More and more, physicists are joining with fluid
dynamicists in the quest for understanding of such phenomena as the origins of turbulence and the nature of fluid-surface
interaction. In the field of underwater motion, this has led to extensive study of the role of high molecular weight additives
in reducing skin friction and in controlling boundary layer transition, with beneficial effects on the drag of submerged
bodies. This entire range of topics is covered by the papers in this volume, offering the aerodynamicist and the
hydrodynamicist new basic knowledge of the phenomena to be mastered in order to reduce the drag of a vehicle.
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